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Abstract 



Using the helicity formalism, we compute the corrections to the tree-level multigluon 
amplitudes in the high-energy limit, induced by the corrections to the multi-Regge kine- 
matics, and we show that they coincide with the corresponding Fadin-Lipatov amplitudes 
at fixed helicities. 
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1 Introduction 



The Fadin-Kuraev-Lipatov (FKL) multigluon amplitudes |T|, are the building blocks 
of the Balitsky- Fadin-Kuraev-Lipatov (BFKL) theory P], which describes the dynam- 
ics of a short- distance strong-interaction process in the limit of high squared parton 
center-of-mass energy s and fixed momentum transfer t. In the BFKL theory, the lead- 
ing logarithmic contributions, in ln(s/t), to the scattering amplitude with exchange of 
a color-singlet two-gluon ladder in the crossed channel are computed. At t = the 
amplitude is related via the s-channel unitarity to the total parton cross section with 
exchange of a one-gluon ladder. 

The FKL multigluon amplitudes are computed in the multi-Regge kinematics, which 
requires that the final-state gluons are strongly ordered in rapidity and have comparable 
transverse momentum. They assume a simpler analytic form when the helicities of the 
incoming and the outgoing gluons are explicitly fixed |Q and . In addition, in ref . it 
was shown that at the tree level, and for the helicity configurations they have in common, 
the FKL amplitudes coincide with the Parke- Taylor (PT) amplitudes computed in 
the multi-Regge kinematics. 

The BFKL theory has several phenomenological applications, among which to the 
evolution of the F2 structure function in deeply inelastic scattering in the small x^j 
regime 0, and to the behavior of the dijet production cross section at large rapidity 
intervals in hadron-hadron collisions ||^. The phenomenology, however, is limited from 
large theoretical uncertainties, due to the lack of knowledge of the next-to-leading log- 
arithmic corrections to the BFKL theory. Accordingly, real next-to-leading corrections 
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, |[T0[ , |TT| induced by the corrections to the muhi-Regge kinematics, and virtual next- 



to-leading- logarithmic corrections , [|T^ to the FKL amplitudes have been computed. 
The real next-to-leading corrections, once integrated over the phase space, will yield the 
real next-to-leading-logarithmic corrections to the BFKL equation. 



The corrections to the tree-level FKL amplitudes 0, [|Tl[] arise from the kine- 
matical regions in which two gluons or a quark-antiquark pair are produced with likewise 
rapidity, either at the ends of or along the ladder, which we term the forward-rapidity 
and the central-rapidity regions, respectively. The goal of this paper is to reexamine the 
purely gluonic corrections to the tree-level FKL amplitudes from the standpoint of 
the helicity formalism. 

In sect. 1^ we summarize the contents of ref. P|, namely the computation of the 
FKL amplitudes in the helicity formalism and their equivalence to the PT amplitudes 
in the multi-Regge kinematics. In sect. ^ we compute the next-to-leading corrections to 
the FKL amplitudes in the forward-rapidity region: a) by using the helicity formalism, 
i.e. by specifying the PT amplitudes to the kinematics with two gluons produced with 
likewise rapidity in a forward-rapidity region (sect. b) by fixing the helicities in the 
Fadin-Lipatov amplitudes ||^ (sect. |H7^ ). The amplitudes, computed in the two different 
ways, coincide and have a fairly simple analytic form at fixed helicities. As a bookkeeping 
device to list the leading color configurations we have found useful the two-sided lego- 
plot picture [IIH] which we used extensively in the multi-Regge kinematics P] and . In 



sect. ^ we consider the next-to-leading corrections to the FKL amplitudes in the central- 
rapidity region. In the helicity formalism, the PT amplitudes allow us to compute the 
configurations with the two gluons in the central-rapidity region produced with equal 
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helicity (sect. however to analyse the case in which the two central gluons have 

opposite helicities we must consider the amplitudes with 3 negative- helicity gluons [|T5[] , 
||T6| (sect. [4.2| ). In sect. ^]3|we fix the helicities in the Fadin-Lipatov amplitudes and show 



that they coincide with the respective amplitudes in the helicity formalism (sect. |4.1| and 
[4.2|) . We note, though, that both for the corrections in the forward-rapidity (sect. 
and in the central-rapidity (sect. ^ regions, the algebra involved is simpler starting from 
the helicity amplitudes than by fixing the helicities in the Fadin-Lipatov amplitudes. In 
sect, ^we summarize the results of this paper and present our conclusions. 

2 The multigluon amplitudes in the multi-Regge kine- 
matics in the hehcity formalism 

We consider the production of n + 2 gluons of momentum pi, with i = 0, ...,n + 1 and 
n > 0, in the scattering between two gluons of momenta pA and pb, and we assume that 
the produced gluons fulfill the multi-Regge kinematics, i.e. we require that the gluons 
are strongly ordered in rapidity y and have comparable transverse momentum, 

1/0 > 1/1 > ••• > Z/n+i; \Pi±\^\p±\- (1) 

The tree-level amplitude for the production of n -|- 2 gluons in the multiregge kinematics 
has been computed in ref. p[ (Fig.p, 

ti 

(2) 



n+1 



X 

where a, (io, (in+i, and e^, Cq, are respectively the colors and the polarizations 
of the gluons, the z/'s are the helicities, the g's are the momenta of the gluons exchanged 



in the t channel, and tj = ^ — The F-tensors P| are, 



T^^^-^'{pB.Pn+l,PA) = 9 

and the Lipatov vertex is 
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with q^j_ = (0, 0; qi±) and the Mandelstam invariants as given by eq. (|104|) (Appendix 0). 
The F-tensors and the Lipatov vertex are gauge invariant. 



r''^^'{PA,Po,PB)pT = 

0, 



(5) 



r^^^°{PA,Po,PB)pii' 

C{qi,qi+i) - Pi 

making thus the amplitude (0) invariant with respect to arbitrary gauge transformations. 
The F-tensors conserve the helicity at the production vertices for the first and the last 
gluon along the ladder. The square of the Lipatov vertex (^, which forms the kernel of 
the BFKL equation 0, is 

V 

= -C^'{quqi+i)C^'\quqi+i)g^^> = 4 



\qi± 


2 


qi+i± 


2 


\Pi± 


2 



using the gauge invariance. Thus in the square of the Lipatov vertex several can- 
cellations have occurred, making the square of the vertex simpler than the vertex itself. 
One of the goals in using the helicity formalism, which we now turn to, is to achieve the 
simplicity of eq.(^ already at the amplitude level. 
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Figure 1: Multigluon amplitude in multiregge kinematics at the tree level. The blobs 
remind that non-local effective Lipatov vertices are used for the gluon emissions along 
the ladder. 

2.1 The Fadin-Kuraev-Lipatov amplitudes at fixed helicities 

We choose the representation (0) (Appendix |^) for the polarizations. This is equivalent 
to use a physical gauge. Accordingly, we must specify a reference vector with respect 
to which we compute the polarizations in eq.(0), but thanks to the gauge invariance the 
choice is arbitrary. The contraction of the Lipatov vertex with the gluon polarization in 



5 



eq.m IS 



(7) 



From eq. ( pSj) (Appendix ^ , the contractions of the hehcity-conserving tensors with 
the gluon polarizations are, 

Pn+1± 



Pn+1± 

T^-^^e+:{pA,PB)e+(po,PB) = -1. 



(8) 



The product of the structure constants in eq.(^ may be rewritten as a trace of nested 
commutators of A matrices, the color matrices in the fundamental representation of 

SU(iVe) 



= -2 tr (A'^ [a^o, [A'^\..., [A'^"+\A'']]]) 



(9) 



= -2 tr A^A'^" ■ ■ ■ A^"+iA^ - ^ A"A'^° ■ ■ ■ X'^^-^X'^^+' ■ ■ ■ A^^+^A^A" 

_)_ ^ A^A"^" ■ ■ ■ A'^^~^A'^^+^ ■ ■ ■ . . . x^-^+i x^-k \dj _|_ _ 

j<k 

Substituting eq.(0), (|D and into eq.(0), the FKL amplitude for the configuration 
with all the gluons having helicity u = + becomes. 
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(10) 



Z(-1)"+1 22+"/2^"+2s 



■tr 



A'^ 



A'^"+SA'']]]) . 



The configuration with all the helicities u = — is obtained by replacing the complex 
conjugates of eq.(^ and (||) into eq.(0), which amounts to exchange Y[iPi± with riiJ'ix 
in eq.(|OD. 
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The calculation of the FKL amplitude for the other helicity configurations at the 
helicity-conserving vertices is obtained from the one of eq.(|TO|), by taking the suitable 
complex conjugates of the contractions (|), 

M{pA,-;po,-;--;Pn+u+;PB,+) = M{pa,+;po,+; ■■■■,Pn+u+;PB,+) , (H) 
M{pA,+;Po,+;-;Pn+i,-;pB,-) = m(pa, -;po, -; •••;Pn+i, -) , (12) 

M{pA,+;Po,+; ...;p„+i,+;pb,+) , 



^ \ 2 

Pn+1± 



\Pn+l±, 

with helicities z/j = + and i = 1, n. Finally, changing the helicity of a gluon along the 
ladder by means of eq.(|^), the amplitude (|TUp changes only by a phase, 

m{pa, +; Po, +; ■■■;Pj-u +; Pj, Pj+i, +; Pn+i, +; pb, +) (13) 
= +;po, +;•••; • 

2.2 The Parke- Taylor amplitudes in the multi-Regge kinemat- 
ics 



A tree-level multigluon amplitude in a helicity basis has in general the form ||T7| 



Mn= tTiX''X''°---\''-+'X')mipA,eA;Po,eo;...;Pn+i,en+uPB,eB), (14) 

[A,0,...,n+1,B] 

where the sum is over the noncyclic permutations of the color orderings [A,0, B]. 
Considering all the momenta as outgoing, the PT amplitudes describe the maximally 
helicity-violating configurations (— , — , +, +) for which the subamplitudes, 
m{pA,eA',Po,€o;...;pn+i,en+i',PB,^B), invariant with respect to tranformations between 
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physical gauges, assume the form g], |T7|p|, 

^m{-, -,+,...,+) = 2^+"/^ ^ g^^' . . ^f^^'^! . . . , (15) 

where % and j are the gluons of negative hehcity, and the ordering of the spinor prod- 
ucts in the denominator is set by the permutation of the color ordering [A, 0, i?]. The 
subamplitudes (|I5|) are exact, i.e. valid for arbitrary kinematics. In eq.(|l^) the represen- 
tation (pSD (Appendix ^ for the gluon polarization has been used. The configurations 
(+, +, — , — ) are then obtained by replacing the {pk) products with [kp] products. 



Computing the spinor products in eq.([r5|) by means of eq.( |105|) (Appendix g), we 



find that the leading color orderings in the multi-Regge kinematics are given by the 2*^"^^ 
configurations which respect the rapidity ordering on the two-sided lego plot in rapidity 
and azimuthal angle 0, [|1^, Jl^. The second side of the lego plot is obtained by 



untwisting the color lines in a given color ordering. An example for the color orderings 
[A,0,...,j — l,j + l,...,n + l,B,j], with j = 0,...,n + 1, is given in Fig. ||. All the 
leading color orderings are the ones given by eq. (Q) . Then for the helicity configurations 
of eq. (pnp , (P!T| ) and ([T^), the PT amplitudes in the multi-Regge kinematics are equal to 
the FKL amplitudes 0. 



^Note that eq.jisl) differs for the V2 factors from the expression given in ref. [0, because we use the 
standard normahzation of the A matrices, tr(A"A'') = 6°'^/2. 
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Figure 2: a) PT amplitude with color ordering [A, 0, — 1, j + 1, n + 1, and 
6) its untwisted version on the two-sided lego plot. 



3 Next-to-leading corrections in the forward-rapidity 
region 

In order to compute the next-to-leading corrections to the FKL amplitudes in the 
forward-rapidity region, we consider the production of 3 gluons of momenta /ci, ^2 and 
in the scattering between two gluons of momenta and p, with gluons kx and k^ in the 
forward-rapidity region of gluon /cq (Fig- @); thus we require that gluons k\ and k^ have 
likewise rapidity, but much larger than the one of p', and that they all have comparable 
transverse momenta, 



yi ~ ?/2 > y 



— \k2l\ ^ 



(16) 
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We are going to show that the amphtude for the production of 3 gluons in the hehcity 
configuration (— /cq, —t^o] ki, ui, k2, 1^2', p', —p, —v) may be written as, 

iM{-ko, -vq] h, vi] k2, 1^2] p', I''] -P, -I') 

= 2N/2^(73_i_c'_,,,(-p,p') {A^,,,,,,{-k^,ki,k2) (17) 
xtr (X'^^'X^^X'^^X'^'X'^ - X'^'^X'^^X'^^X'^X^' + A'^'^A'^'A^^A'^^A'^^ - A^^A'^A'^'A'^^A'^^) 
-fi_,„,,,,(-A;o, A;i, k2) tr (A-^n^^ A'^'A'^A'^^ - A'^^A'^^A'^A'^'A'^^) + (1 ^ 2)} , 

with the production vertex C of gluon p' determined by the first of eq.®, 

= ^ = C%{-p.p') , (18) 

P± 



and with the vertices A and B computed in sect. The following considerations 

motivate the analytic form of eq.(^): because of the large rapidity interval between 
gluons ki and k2 and gluon p' we expect the amplitude to be dominated by gluon exchange 
in the crossed channel, and thus to scale like — being the momentum 

transfer i ( |108| ) (Appendix y). In addition, we write eq.(|l7|) in such a way to stress 
that the vertex C of gluon p' and the vertices A and B of gluons ki and k2, which 
the amplitude factorizes into, transform separately into their complex conjugates under 
the respective helicity reversal, as the whole amplitude does under the overall helicity 
reversal. 



3.1 The Parke- Taylor amplitudes 



We fix Pa = —ko and pb = —p in eq.(0). From the spinor products ( |109|) (Appendix 0) 
and eq.(p!5|) we note that the leading helicity configurations are the ones for which the 
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Figure 3: Leading helicity configurations of tlie 3-gluon production amplitude, witli 2 
negative-lielicity gluons. Tlie gluons are labelled by tlieir momenta, always taken as 
outgoing, tlieir colors and helicities. Gluons ki and /c2 are produced in the forward- 
rapidity region of gluon ko- 



pair of negative-lielicity gluons is one of the following (Fig. 

{-p,-ko), {-p,ki), {p,-ko), {p',ki), 



(19) 



with i = 1,2, and to start out we consider the pair (— p, —ko) (Fig. ^ja). From eq.(p!5|) 
we have, 

{kop)' 



i m{-ko, -; ki, +; /cg, +; p' , +; -p, -) = 4:^/2ig^ 



(20) 



{koki){kik2){k2p'){p'p){pko) ' 

We insert eq. (pO]) back into eq. ([T^) and examine all the color orderings, as in ref . |^ and 
T^. We start with the ordering [0,l,2,p' ,p] (Fig.^). Using the spinor products ( |109| ) 
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Figure 4: 3-gluon production amplitude in the color ordering (a) [0, l,2,p',p] and (6) 



which has a massless divergence when gluons 1 and 2 become collinear. In the multi- 
Regge limit, yi ^ 1/2, the second term in the denominator of drops out, and 

eg . (^11) is in agreement with the corresponding color ordering of eq.(|lO]), for n = 1. We 
keep then fixed the position of gluons fco and p in the color ordering and permute the 
outgoing gluons. The contribution of the ordering [0,2, l,p',p] (Fig.^) is obtained by 
exchanging the labels 1 and 2 in eq.(0), however the ensuing coefficient is subleading in 
the multi-Regge limit, yi ^ y2- Every other color configuration with all the gluons on 
the front of the lego plot is subleading to the required accuracy. 

Next, we move gluon p one step to the left and consider the color orderings [0, 1, 2, p, p'] 
and (1^2). These correspond to untwisting the color lines as done in Fig. ^, and having 
gluon p' on the back of the two-sided plot (Fig.^ and ^d). Using the spinor products 



1 ^ 2). 



(Appendix |C|), the identity (190|) (Appendix 0) and eq.(p!8D, we obtain 




v4_++(-/Co,fcl,fc2) 




+{-p,p')A.^+{-ko,Kk2) (21) 
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Figure 5: 3-gluon production amplitude in the color ordering (a) [0, l,2,p, p'] and (6) 
(1^2); (c) [0,l,p',p,2] and (d) (1^2). 



( |I09| ) (Appendix g) we find, 



{koh){hh){hp){pp'){p'ko) = -{koh){hh){hp'){p'p){pko) 



(22) 



with the product on the right-hand side computed in eq.(^). Then we take gluon 2 to 
the back of the two-sided plot (Fig.|^c) and consider the color ordering [0, l,p',p, 2]. The 
spinor products yield, 



coeff. of tr (A'^^A'^^A'^'A^A'^^) = -2V2i ^ C_+(-p,p') 5_++(-fco, /^i, k^) (23) 



5_++(-A;o, ki, k2) 



P'± 



ki±k2± 

The color ordering of eq.(^) does not contain the massless divergence when gluons 1 
and 2 become coUinear and is in agreement with the corresponding color ordering in the 



multi-Regge limit ([T0|), for n = 1. The fact that the color ordering [0, l,p',p, 2] is finite in 
the coUinear limit 2ki ■ k2 —>■ 0, whether we compute it in the multi-Regge kinematics (0) 
or in the next-to- leading corrections to it ([T6|) , means that, in order to exhibit a coUinear 
divergence, gluons 1 and 2 must be produced with equal rapidity and azimuthal angle 
and be adjacent in color space, or, in lego-plot language, that the two gluons must be 
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overlapping on the plot and be produced on the same side. Finally, eq.(|23|) is invariant 
under exchange of the labels 1 and 2, thus the color ordering [0, 2,p',p, 1] (Fig.|d) yields 
the same contribution as in eg. (p3|) , and in particular, 

B_++{-ko, fci, fca) = A_++(-fco, h, k2) + v4_++(-fco, fca, ^i) • (24) 

The remaining two color configurations with one gluon on the back of the two-sided plot 
are subleading. 

The other color configurations, with two or three gluons on the back of the two-sided 
plot, are obtained by taking the color orderings [0, 1, 2,p',p], [0, 1, 2,p,p'], [0, 1,]?',]?, 2], 
and (1 2) in reverse order. Because of the ciclicity of the traces and the identity (pO|) 



(Appendix this yields the same result as in eq. (|2l|) , (|22|) and (|23| ) but with opposite 
sign. 

Substituting then eq. (|2ll - p3|) into eq.(0), we obtain the 3-gluon production amplitude 



in the helicity configuration (^) in the form of eq.(0) with C and 5-++ 

given in eq. (p!8|) , (|21| ) and (^) respectively. In the multi-Regge limit, yi ^ ?/2, the 
4 color configurations obtained by exchanging gluons ki and /c2 on the same side of 
the lego plot (Fig.^D and and analogous ones with front and back of the lego plot 
exchanged) become subleading. Thus out of the 12 color configurations of eq. ([T7|) , only 
the 8 configurations given by eq.(H) for n = 1 survive, and eq.(|l7|) is reduced to eq. ([TO|) . 

Then we consider the other helicity configurations (Fig. ^-f) in eq.([TP|). Substituting 
the product {k^p)'^ in eq. (^0|) with the suitable product according to the pair of negative- 
helicity gluons considered, we obtain, 

M{-ko, +; ki, -; fcs, p', +] -p, -) 
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2 M{-ko, -; h, +; k2, +; p', +; -p, -) (25) 



1 -I- -2- 



M{-ko, -; /ci, +; ^2, -; -p, +) 



" (n) (26) 

M{-ko, +; ki, -; /cs, +; p', -; -p, +) 

" (n) ^(-^0'+'^i'-'^2,+;p',+;-p,-). (27) 

In the multi-Regge limit, yi ^ ?/2, eq.(p5|) (Fig. ^b) agrees with eq. ([Tl|) . Eq.(p6|) 
(Fig. 1^) is aheady in agreement with its multi-Regge hmit, eq. (p!2D , since the am- 
plitude factorizes and the lower vertex is insensitive to the next-to-leading corrections 
in the upper vertex. Eq.([27|) (Fig. ||e) is obtained combining the results of eq.(^) 
and eq.(|26|), and in the multi-Regge limit is reduced to eq. (|l2D . The configurations 
(-/co, +; fci, +; ^2, -; p', +; -p, -) (Fig. |c) and (-/cq, +; A^i, +; k2, -; p', -; -p, +) (Fig. |f) 
are obtained by exchanging the labels 1 and 2 in eq.(^5|) and ( ^7|) respectively; however, 
in the multi-Regge limit yi ^ y2, they are subleading since then helicity is not conserved 
in the production vertex of gluon ki. Thus, 4 out of the 6 helicity configurations of 
eq.(|TP|) survive in the multi-Regge limit, in agreement with ref. 

The configurations with only two positive-helicity gluons, which correspond to in- 
verting the helicity of all the gluons in Fig. ^ are obtained from the ones of eq.(|T9|) 
by replacing the {pk) products with [kp] products, and by using eq. (|91|) (Appendix 
Thus they may be computed by taking the complex conjugate of the spinor prod- 
ucts (|T])> (HD and (H), and by using eq.(|2|), (|2|) and (P). Added to the 6 hehcity 
configurations (0), they cover all the 12 leading helicity configurations of the 3-gluon 
amplitude in the kinematics (0). In particular we consider two examples: the con- 
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figuration {—ko,+;ki,—;k2,—;p',+;—p,—) (Fig. |^), which corresponds to reversing 
all the helicities in the production vertex of gluons ki and ^2 (Fig. and is ob- 
tained by taking the complex conjugate of the spinor products in eq.(^). The am- 
plitude then assumes the form of eg. (p!7|) , with (— A;o, ^i, ^2) = ^l++(— ^o, ^i, ^2) 

and 5-1 {—ko,ki,k2) = -B* ^_|_(— /eq, A^i, in agreement with the discussion following 

eq. (p!7D ; the configuration {—ko, — ; ki, +; ^2, —',p', —p, —) (Fig. ^b), which corresponds 
to reversing the helicity of one of the outgoing gluons in the upper vertex (Fig. |^a), 
and is obtained by taking the complex conjugate of the spinor products in eg . (|27|) . 
The amplitude has the form of eg.(|l^, with A_+_(— /cq, ^i, ^2) = ^+-+(— ^O) ki, k2) and 
-B-+-(-fco, ki, k2) = i?+_+(-/co, h, k2) and A+_+(-A;o, fci, /C2) and i?+_+(-A;o, fci, ^2) de- 
fined by eg. (P5|) . By taking then the multi-Regge limit of eg.(|T^ with (z/o'^i'^2) = (— H — ) 
and {i'qUiU2) = ( — h +) we obtain, 



lim M{-ko,-;ki,+;k2,-;p' 



(28) 



p'±ki±k2j_ 



lim M{-ko, -; ki, +; k2, +; p', +; -p, -) 



in agreement with the helicity flip in the Lipatov vertex of gluon ^2 in the FKL ampli- 



tudes, eg.(|T^), with qi± = —ki±, q2± = p'j_ and pi± = k2±- 




ki di, 




Figure 6: 3-gluon production amplitude, with 2 positive- helicity gluons. 
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The extension of the kinematics (|T6|) to the production of n + 2 gluons, with 2 



gluons with hkewise rapidity in the forward-rapidity region of the upper vertex (|111[ - 
113| ) (Appendix 0), is straightforward. Generahzing equations (plj-p^) to the production 
of n + 2 gluons and using them to compute the other color configurations, the amplitude 
for the extension of the helicity configuration of Fig. |^a is, 

iM{-ko, -; ki, +; /cg, +; ...;p„, +; -p, -) 



where we have explicitly shown the color configurations with n + 2, n + 1 and n gluons 
on the front of the lego plot. By explicit counting, we see that the leading color configu- 
rations in eq.(^) are 3! 2^, which for n = 1 yields the 12 color configurations of eq . ([T7|) . 
The other helicity configurations with 2 negative or 2 positive-helicity gluons may be 
accordingly generalized. 

3.2 The Fadin-Lipatov amplitudes 




'i + l . . . \P^\P\Pi 




The 3-gluon production amplitude, with gluons ki and /c2 produced in the forward- 
rapidity region of gluon k^, as specified by the kinematics (0), has been computed in 
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ref . PI , and for a generic helicity configuration is given by, 



^ = C*ih)e;\ ( A:i)e- {h)e;* {v)4, {p') 4 g' ^^f^^T^^' (p, p', -k,) 

/Cl <-H> /C2 \ / — A^O ^ ^2 



+ 1 Z/i Z/2 

(il 6^2 



Z/g ^ Z/2 
do ^ ^2 



(30) 



where tlie F-tensors are given in eq.@, and the 2-gluon production vertex D in the 
forward-rapidity region is B, 



1 



(31) 



h- k2-p- p' 



M -p' 



p^ + 



ki -p 



{h - k2+p- p') + kQ ■ pk^ 



k2-p) ko ■ k2 

with the Mandelstam invariants given in eq.( |108D (Appendix y). The D- vertex is gauge 
invariant with respect to the last of its arguments, 



D{-ko, ki, ^2) ■ ^2 = 



(32) 



where we have used the + momentum conservation ( p. 07] ) (Appendix |C|) . Using eq.(^) 
and the gauge invariance of the F-tensors (H), one can see that the amphtude ( ^OD is 
invariant with respect to arbitrary gauge transformations |p, |18[. The symmetry of 
the amphtude ( PI1| ) under permutations of the gluons in the forward-rapidity region is 
manifest . 

In order to make the color structure explicit, we use eq.(^ and rewrite eq.(^) as 

^<tt''' = -C(^o)6;:UA:i)e- (fc2)e;:*(p)e;::(p') 8 {-^fg' \t^'' {p.p\ -ko) 
X {[r'^oMi(_fc^^ k,,p)D^^%-ko, A;i, k2) - T^"''{k2, kup)D^%k2, k^, -ko)] 
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xtr (A"^" [A'^^ \X'^\ 



(33) 



+ [P'^'^K-^o, h,p)D^'{h, -ko, h) - r^^'^'i-ko, k2,p)D^'{k2, -ko, fci)] 
xtr (A"^! [A'^% [a-^o, [A'^',A'^]]]) 



xtr ( A"'" 



A^^ 



A'^',A'^ 



)}• 



Eq. ( p3D simplifies considerably once the gluon helicities are fixed. For sake of comparison 
with the PT amplitudes, we consider the configuration with helicities uq = ui = 1^2 = 
+. We perform the contractions of the helicity-conserving tensors with the gluon 
polarizations using eq.( |ll(]| ) (Appendix 0). For the incoming gluons they of course 
coincide with eq.(|), 



T'^'^'{p,p',-k,)e^^*{p,ko)e;,{p',ko) 
T^^'^^i-ko,h,p)e;:iko,p)e^Jh,p) 

with i = 1,2. Accordingly, eq.(|33|) becomes 



/* 



p_ 

-1 



(34) 



0, 



i M{ko, +; fci, +; k2, +; p', v'- p, v) = -8 (-«)' j C^p, p') 
X {D(-A;o,A;i,fc2) ■e+(A;2,p)tr(A'^« [X'\ [X'^ [X'^X' 
+ [d(A;i, -A;o, k^) ■ e+{k2,p) - D{k2, -ko, k^) ■ e+(A;i,p)] tr (A'^^ [A'^^ [a"°. 



(35) 



A'^',A'^' 



+D(-A;o,fc2,fci) ■e+(A;i,j9)tr(A'^° [X''\ [a"% 
with the C-vertex defined like in eq.(|18|). 



A'^',A'^ 



)} 



c++(p,p') = ^ c__(p,pO = c:+(p,p') 



(36) 
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Using eq.(||), we unfold the nested commutators in eq.(^), where it is convenient to 
rewrite the second as, 



tr 



(A'^^ [A'^^ [A'^", [A'^',A'^]]]) =tr(A'^« [[A'^^^A'^i 



A'^',A'^ 



(37) 



The color orderings we obtain are the same as in eg . (\17[I , and we compute their coeffi- 
cients starting with the one of tr (^A'^"A'^^A'^^A'^'A'^^. Performing the contractions of the 
D- vertices ( pT] ) with the gluon polarizations ( p.lCI| ) (Appendix y), we obtain, after some 
algebraic manipulations, 



coeff. of tr (A'^n^^^A'^^A'^'A'^) = -8 {-i)^ I C^^ip,p') 



X 



D{-ko, k2, ki) ■ e+{ki,p) - D{ki, -ko, /cs) ■ e^{k2,p) + D{k2, -ko, ki) ■ e^{ki,p) 



AV2ig' -l-C^p^p') 



Pi 



(38) 



\p\ P ^-^'-^ ' k 

In addition, eg . (1351) is manifestly antisymmetric under the exchange d ^ d', thus 

coeff. of tr (A'^oA^^A^^A^A'^') = -coeff. of tr (A'^^A'^^ A'^^A'^'A'^) , (39) 



plus contributions with the labels of gluons 1 and 2 exchanged in eg.(^) and (|39D. The 
coefficient of tr (^A'^^A''^ A'^'A'^A'^^^ is symmetric under the exchange of gluons 1 and 2, 

coeff. of tr (A"'«A"'^A"''A'^A^2 
1 



8 {-ifg'jC,,ip,p') [D{-ko, ki, k2) ■ e+(fc2,p) + D{-ko, ^2, k^) ■ e+{k,,p) 

P'± 



-4v/2.,3__a.,(p,p'),^,, 



The contraction, 

D{-kQ,ki,k2) ■ e+(A;2,p) 



^0 ' P I ^IX _|_ ^2± ^1 



^pl \ko- ki ko- k2 ki 



(40) 



(41) 
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used in eq.(^), is proportional in the multi-Regge limit to the Lipatov vertex, 

,}$lOMM)-^-(k.,v) - (42) 

in agreement with ref. 0. In eg . (^21) we have used the multi-Regge limit ( [104| ) (Appendix 
0) of the invariants ( |108| ) (Appendix |C[), and eq.(|^) with qix_ = —ki^, q2± = p'j_ and 
Pi± = k2±- 

In the two-sided lego-plot picture, tr (^A'^^A'^^A'^^A'^'A'^^ plus (1 ^ 2), yields the 
leading color configurations with all the gluons on the front of the lego plot (Fig.^); 
tT (^\'^oxdixd2xdxd''^ and tr (^A'^^A'^^ A'^'A'^A'^^^ plus (1 ^ 2), yield the leading color con- 
figurations with one gluon on the back of the lego plot (Fig.|^). The coefficients of the 
color configurations with two and three gluons on the back of the lego plot are obtained 
by changing the sign to the ones with three gluons (|38D and two gluons (^), (|40| ) on 
the front of the lego plot, as can be seen by direct inspection of the unfolded nested 
commutators in eq.(^). Thus, using eq. (|38| - ^0| ), eq.(^5|) is reduced to eq. ([T7|) , proving 
the equivalence of the Fadin-Lipatov and the helicity amplitudes for the configuration 
of eq.(pOD. Analogously all the other leading helicity configurations may be computed 
from eq.(^), and compared to the helicity amplitudes of sect. PTT| . 
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4 Next-to-leading corrections in the central-rapidity 
region 



In order to compute the next-to-leading corrections to the FKL amphtudes in the central- 
rapidity region, we consider the production of 4 gluons of momenta p'^, ki, k2 and p'^ 
in the scattering between two gluons of momenta pa and pb- We require that gluons ki 
and have likewise rapidity and are separated through large rapidity intervals from the 
forward-rapidity regions, with all the gluons having comparable transverse momenta. 



?/a > 1/1 - Z/2 > 1/b ; 



\k 



1-L| 



\h±\^ \p'a±\ - \p'b±\ ■ 



(43) 



We are going to show that the amplitude for the production of 4 gluons in the helicity 
configuration {—pA, —^a',p'aj ^2, ^2',p'bj ~Pb, —^b) has the form. 



iM{-pA, -i^a;p'ai i^A, ku 1^1, ^2, i^2;p'b^ ^'b'^ -Pb, -^b) 



(44) 



-PA, p'a) C- 



-Pb,Pb) 



X {A,,,,{ki, k^) [tr (a^A^'A'^^A^^A^'A^ - A'A^'A'^^A'^U^'A^' 

_^a^di^d2^6'^b^a' ^ X^xdixd^x^x^'X"') + traccs in revcrse ordcr] - B^^^^{ki, ^2) 
X tr (A'^A^'A'^^A'^'A^A'^^ - A"A'*'A'^^A^A'''A'^2) + traces in reverse order] + (1 ^ 2)^,/^,} 
with the production vertices C of gluons and p'^ determined by eq.(^), 

C-+{-Pa,Pa) = C+-i-PA,p'A) = ^ (45) 



C-+i-pB,PB) 



I* 

Pb± 
p'b± 



C+-{-Pb,p'b) = C-+{-Pb,Pb) 



and with Ay^y^{ki, ^2) and By^y^{ki, k2) computed in sect. 0| and E]2|. In addition 



(1 ^ 2) for 1^1 = z/2 = ± 
(1 ^ 2) C for Vi = —U2 = ±, 



(46) 
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with C the complex conjugation. As in eq.(|T7|) we stress that the two vertices for the 
production of gluons and p'^ in the forward-rapidity regions, and the vertices of 
gluons ki and in the central-rapidity region transform separately under the respective 
helicity reversal. However, differently from eq.(|T7|) we note that in eq.(^4D the color 
structure is linked through eq. (^61) to the helicity structure. This is due to the fact that 
besides the PT amplitudes, which describe the production of gluons ki and ^2 with equal 
helicities (sect. |4.1| ), and for which the color and the helicity structures are uncorrelated, 
we use, in order to consider the production of gluons ki and k2 with opposite helicities, 
the amplitudes with 3 negative-helicity gluons (sect. [4.2|) , for which the color and the 
helicity structures are intertwined. 



4.1 The Parke- Taylor amplitudes 

We fix pA = —pA and pB = —PB in eq. (p!4D . From the spinor products ( |117|) (Appendix 
0) and eq.(^), the leading helicity configurations are the same as in the multi-Regge 
kinematics (Fig. |^-d) |^, i.e. the ones for which the pair of negative-helicity gluons is 
one of the following, 

{-Pa,-Pb), {-Pa.p'b): {-Pb,p'a), (p'a^p'b)- (47) 
As usual, we start with the pair {—pA, ~Pb) (Fig- 0a). From eq. (|l5D we have, 

i m{-pA, -; Pa, +; h, +; ^2, +; p'b, +; -Ps, -) (48) 



(PaPb)^ 



{PaP'a ){p'Ah){kik2){ k2p'B ) {p'bPb ) {PbPa ) 



We insert eq.(^) into eq.(14) and examine all the color orderings, starting with 
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-pA a, - Pa a', + -pA a, - a', + -pA a, + p^ a', - -pA a, + p^ a' 



kl d,,- 



ki di, 



kl di,- 





! k2 d2, - 


-Pfib,- ^ 


! pi, b', + 





1 k2d2,- 


Pfib, - ^ 


[PBbV+ 



Pa a , - 


-PAa, + 


kidi,+ 




k2 d2,+ 




Pi3 b',+ 


-PB b, -1- 


Pa a, - 


Pa a', + 




kl di, - 




! k2 d2, + 


-Pfib, - ^ 


!pBbV+ 



Figure 7: 4-gluon production amplitude, with 2 gluons with hkewise rapidity in the 
central region; (a — d) leading helicity configurations with 2 negative-helicity gluons; 
(e — g) helicity reversal in the production vertex of gluons ki and /c2, with respect to the 
configuration a. 



[A,A',1,2,B',B] (Fig. |a) and (1 ^ 2) (Fig.||b). Using the spinor products ( |TT7| ) 
(Appendix 0) and eq. (|45|) , we obtain 



coeff. of tr (A'^A"'A'^iA'^2A'''A'') = -Aig^ 



\p'a±\'^\p'b± 



A++{ki,k2) 



P a±Pb± 1 



k 



i± k2± - ki_i 



(49) 



which has a massless divergence when gluons 1 and 2 become collinear. As expected, 
the result is analogous to the one of eq.(^), given the similarity of the color and the 
helicity structures. The multi-Regge limit, yi ^ y2, of eq.(H9]) is in agreement with 
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A A 




B B 



Figure 8: 4-gluon production amplitude in the color orderings [A, A', 1, 2, B', B] and 
(1^2). 

the corresponding color ordering of eq.(0), for n = 2. We keep then fixed the position 
of gluons A and B in the color ordering and permute the outgoing gluons. The same 
considerations made after eq.(^) apply here, namely the contribution of the ordering 
[A, A', 2, 1, B', B] (Fig.||b) is obtained by exchanging the labels 1 and 2 in eq.(^9|), how- 
ever the ensuing coefficient is sub leading in the multi-Regge limit, yi ^ y2- Every other 
color configuration with all the gluons on the front of the lego plot is subleading to the 
required accuracy. 

Then we move gluon B one step to the left and consider the color orderings 
[A, A', 1, 2, B, B'] and [A, 1, 2, B', B, A'], and (1 ^ 2). These correspond respectively to 
have gluons B' or A' on the back of the lego plot (Fig.|^a, b, c, d); the respective strings 
of spinor products may be related to eq.(^) through, 

(Pa^i) (^2Pb) (p'bPa) = {PAh) (^2Pb) {Pbp'a) = {PAh) {k2p'B) (PbPa) , (50) 

and the identity (|90|) (Appendix |^). It turns out that the coefficients of the color 
orderings of Fig.pa,c are equal to eq. (^9]) but with opposite sign. Then we take gluon 2 to 
the back of the two-sided plot (Fig. ^) and consider the color ordering [A, A', 1, B', B, 2]. 
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Figure 9: 4-gluon production amplitude in the color orderings (a) [A, A', 1, 2, 5, 5'] and 
(6) (1^2); (c) [A, 1, 2, 5, A'] and (d) (1-2); (e) [A, A', 1, B\ 5, 2] and (/) (1-2). 



Similarly to eq. (p3D , the spinor products yield 
coeff. of tr (A"A"'A'^iA'''A''A'^^) = 4i/ — 



\p'a±\'^\p'b±\^ 



C-+{-Pb,p'b) B++{h, fcs) 



P a±Pb± 



(51) 



Again, the same considerations made after eg . (|23|) apply here, namely eq.(|5l|) has no 
massless divergence when gluons 1 and 2 become collinear; it is already in agreement 
with the corresponding color ordering in the multi-Regge limit (0), for n = 2; it is 
invariant under the exchange of gluons 1 and 2, thus the color ordering [A, A', 2, B', B, 1] 
(Fig.|f) yields the same contribution as in eg. (|5T|) , and in particular. 



B++{ki, fcs) = A++{ki, fcs) + A++{k2, ki 



(52) 
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Figure 10: 4-gluon production amplitude in the color orderings (a) [A, 1, 2, B, B', A'] and 
(6) (1^2); (c) [A, A', 1, S, 5', 2] and (d) (1^2). 

Then we move gluon B one more step to the left, in order to have two gluons 
on the front and two on the back of the lego plot, and consider the color ordering 
[A,1,2,B,B\A'] (Fig. IT^a) and (1 ^ 2) (Fig. [lO|b), for which the string of spinor 
products may be related to eq.(|49|) through. 



{PAkl){k2PB){p'BP'A) = {p'Akl){k2P'B){PBPA) 



(53) 



The color orderings [A, A', 1, 5, 5', 2] (Fig. |To|c) and (1 <-> 2) (Fig. |To|d), are then 
obtained from eg. (pT]) , noticing that 



{kiPs) {Pbp'b) (Pb^2) = - {kip's) {p'bPb) (^5^2) • 



(54) 



The other color orderings with two gluons on the front and two on the back of the lego 
plot are obtained by taking the color orderings [A, 1, 2, B, B', A'], [A, A', 1, B, B', 2] and 
(1 ^ 2) in reverse order, and by using the ciclicity of the traces and the identity (pO|) 
(Appendix 0), which yields the same result as in eq. (|53D and (|^). Analogously, the color 
orderings with three or four gluons on the back of the lego plot are obtained by taking the 
color orderings [A, A', 1, 2, B', B], [A, A', 1, 2, B, B'], [A, 1, 2, B', B, A'], [A, A', 1, B', B, 2] 
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and (1 ^ 2) in reverse order. 

Substituting then equations (|49|-p^, multiplied by the appropriate color orderings of 



eq.(|l^, we obtain the 4-gluon production amplitude in the helicity configuration (^) 
in the form of eq.(|4D, with C^+{-pa,Pa), C-+{-Pb,p'b), ^++(^1, h) and B++{ki, fca) 
given in eq.(^5|), (^) and (0). In the multi-Regge hmit, yi ^ ^2, the 8 color configura- 
tions obtained by exchanging gluons ki and k2 on the same side of the lego plot (Fig.|^, 
§3, Pd, |lO| b and analogous with front and back of the lego plot exchanged) become sub- 



leading. Thus out of the 24 color configurations of eq. (|4^) , only the 16 configurations 
given by eq.(^ for n = 2 survive, and eq.(PD is reduced to eq.(|IO|). 

The other helicity configurations of eq.(^7D (Fig. c, d) are obtained from eq. (|i8|) , 
by substituting the product {paPb)^ with the suitable product according to the pair of 
negative-helicity gluons considered. This entails to take the suitable complex conjugates 
of the C-vertices (^5]), and the outcome is the same as in eq.([TT|) and (0). Inverting 
the helicity of all the gluons, and taking the complex conjugates of the spinor products, 
we obtain the configurations with two positive-helicity gluons. In particular, we are 
interested in the configuration with gluons ki and k2 having negative helicity. To that 
purpose, we first compute the amphtude for the configuration of Fig. 0d, 



M{-pA, +; Pa, -; h, +; ^2, +; p'b, -Pb, +) (55) 
M{-pA, -; Pa, +; h, +; ^2, +; p'b, +; -pb, -) , 



Pb± 
.P'b^. 



and then we reverse all the helicities (Fig. ^), i.e. we take in eq. (|55|) the complex 
conjugates of the spinor products. Thus we obtain the amplitude for the configura- 
tion {-Pa, -IP'a, +; h, -; h, -; p'b, -Pb, -) in the form of eq.(|3D, with C_+(-pA, p'a) 
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and C—^-{—pb,p'b) given in eq.(^5|), and A {ki,k2) = A*^^{ki,k2) and B {ki,k2) = 

5++ (^1,^2) derived from eq.(^) and (|5l|) . By taking then the multi-Regge hmit of 
eq.(^^ with ui = 1^2 = + and z/i = 1/2 = — , we obtain 

Jim^ M{-pA, -; Pa, +; ki, -; k2, -;p'b, +; -PB, -) (56) 

= ^!'/^l^^.l^^^f^ , M{-pA, p:4, +; h, +; A;2, +; p'b, +; -Pb, -) , 
P A±K±k2±PB± y^^y^ 

in agreement with eq.([T3D, iterated two times. Again, the other hehcity configurations 
of eq.(P7D are obtained by substituting the product [paVbY "with the suitable product 



according to the pair of positive-hehcity gluons considered, and the outcome is the same 
as in eq.(|ll]) and (0). 



In an analogous way to the generalization of the kinematics ([T6|) to the production 
of n + 2 gluons, with 2 gluons in a forward-rapidity region, done at the end of sect. 
we may generalize the amplitude (|4^ ) in the helicity configuration of Fig. ^a to the 
production of + 2 gluons, with 2 gluons with likewise rapidity in the central-rapidity 
region. As in sect. the color counting yields 3!2" leading color orderings, which for 
n = 2 gives the 24 orderings considered in eq. (^) . 

4.2 The amplitudes with 3 negative-hehcity gluons 

The other helicity configurations we are interested in are the ones where gluons ki and 
^2 have opposite helicities (Fig. g). In the multi-Regge kinematics, and in the next- 
to- leading corrections to it (|43|), helicity is conserved in the forward-rapidity regions 
(^) and two of the gluons emitted there must have negative helicity. Thus we need 
the subamplitudes in eq.(|l^ to have 3 negative and 3 positive- helicity gluons. These 
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have been computed in ref. ||T5[, |T^, and are given in terms of 3 inequivalent helicity 
orderings: (+ H \ ), (H \ 1 — ) and (+ + H ), singled out according to 



the color ordering. The subamplitudes may be written as [16 



,^123 ■512-523 ■545-556 ^234-523-534-556-561 

+ J — + ...... , (57) 

1345-534-545-561-512 -512-523-534-545-556-561 / 

with iijk = ipi + Pj +Pkf = Sij + Sjk + Sik . 
The coefficients a, (3 and 5 for the different helicity orderings are, 





1+2+3+4-5- 


"6- 




1+2+3-4+5- 


-6- 


1+2-3+4 


-5+6- 




a 









-[12](56)(4+ I7 


■K\'i+) 


[13] (46) (5 + 


7-K 


2+) 




[23](56)(1 + |7- 


K 


4+) 


[24](56)(1+ |7■ 


K\^+) 


[51] (24) (3 + 


7-if 


6+) 


5 


[12](45)(3 + |7- 


K 


6+) 


[12](35)(4+|7■ 


K\Q+) 


[35](62)(1 + 


7-K 


4+) 



K = pi + pm + Pni with l,m,n the gluons with positive helicity. 

We are interested in the configuration {—pA, — ; Pa, +; ^i, +; ^2, — ; Ps, +; —PB, —)■ We 
begin to examine it in the color ordering [A, A' ,1,2, B' , B] (Fig. which is in the 
helicity ordering (p^, +; ki, +; k2, —] p's, +] —PB, —] —PA, —)■ Then the subamplitude (^) 
has the form, 

coeff. of tr (A^A'^'A'^^A'^^A^'A'') =-Atg' ^ C.+ {-pb,Pb) A+.{ki, k2) 
= 8tgU-. — — + -. . !^ ^ — (59) 

\i^A'12-5A'l -512-5 _B'B-5Byl ti2B'Sl2S2B'SBASAA' 

6"^ _^iA'i2l3S + ii2B'Sa + i2B'BCtl3\ 



t2B'BS2B'SB'BSAA'SA'l Sa'iSu^B' Sb'B^BASaA' J 

with the C-vertex given in eg. (|^) , the Mandelstam invariants taken from eq.( |116| ) (Ap- 
pendix 0) , and 

« = -[PAh] (pbPa) {p'b + \l ■ (p'a + ki+ p'B)\h+) 
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P = [klp'B]{PBPA){p'A+\l-ip'A + kl+p'B)\k2 + ) 
6 = \p'Akl]{k2PB){p'B+b-ip'A + kl+PB)\PA + ) 



(60) 



from eq.(^). Using the spinor products (|89D (Appendix 0) and ( |117|) (Appendix 0), 
and the identity ( PTf ) (Appendix we compute the coefficients (^D]) and the invariants 
tjjfc in the kinematics of eq.(|43|). In particular, i2B'B is 



i = Ub'b = {k2 + p'b- PbY = iiAA' ^ - {\p'b± + ^2±P + k^ k^ 



(61) 



Thus the vertex y4__|_ in eg . (1591) becomes 

k* ( 1 " 



A+_{ki,k2) 



Sl2 



kli_\qA±? 



+ 



kl±\qB±\ 



ik^ \ k 



{ki + )A^2^ (A^i^ + k2)ki k^ k2 



+ 



1b± + k2±)^ Qbl + fc2± 



with 



t Si2 

-(p'a-Pa) Qb 



p'b - Pb ■ 



^2± 



(62) 



Note that besides the usual pole as gluons 1 and 2 become coUinear, eq.(^) has a 3- 
particle pole as t — 0, i.e. the amplitude factorizes into two subamplitudes connected by 
the propagator of the gluon exchanged between gluons 1 and 2. To obtain the coefficient 
of the color ordering [A, A' ,2,1, B' , B] (Fig. ^o), we must take the helicity ordering 
{-pB, -PA, -'iP'a^ +', ^2, -; ki, +;p'b, +)• This is obtained from 

{^Pb, +', —PA, ~; k2, +; ki, —;p'b, —) by reversing the helicities, i.e. by taking the 

complex conjugates of the corresponding spinor products, through the identities (pl|) 
and (^) (Appendix 0). As we see from the direct calculation, it amounts to exchange 
the labels 1 and 2 and take the complex conjugate in eq. (|62|) , 

s 



coeff. of tr (A'A^'A'^^A^^A^'A'') = -4i/ — 



C^+{-pB,p'B)Al_{k2,kr). (63) 
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In order to compute the coefficient of the color ordering [A, A', 1, 2, B, B'], obtained 
by taking gluon B' to the back of lego plot (Fig. we must consider the helicity 
ordering (/c2, — ; —Ps, ^]P'b^ +^ ~Pa, ~iP'a^ +i ^i? +); which is obtained from 
(/c2, +; —PB, +',p'b' ~; ~Pa, ~; ^i? ~) by reversing the helicities. For the color or- 

dering [A, 1, 2, B', B, A'] (Fig. |]c), we must take the helicity ordering 
{p'j^,+;—pA,—',ki,+;k2,—;p'B,+'i—PB,—) and a, (3 and 5 from the third column of 
eg. (|58D ; while for the color ordering [A, 1, 2, 5, 5', A'] (Fig. we consider the he- 
licity ordering (p'^, +; —pA, —] ki, +; k2, —pB, —)■ To the required accuracy we 
obtain, 

coeff. of tr (A'^A"'A'^^A'^2A''A^') = coeff. of tr (A"A'^^A'^2A'''A''A"') (64) 
= -coeff. of tr ( X'^X'^'X'^^X^X^'X"'] = -coeff. of tr ( X'^X'"' X'^'X'^^X^' X''] . 



For the color ordering [A, A', 1, B', B, 2], obtained by taking gluon 2 to the back of lego 
plot (Fig. ||e), we take the helicity ordering (p^, +; fci, +; -pB, -; k2, -pA, -), 

for which the subamplitude has the simpler form, 

coeff. of tr (A'^A"'A'^^A^'A''A'^^) =4zg' ' C^+{-pb,p'b) B+^k^, k^) (65) 
= 8tg [j : : : — : + j : : — : : — + 



tiBB'SlB'SB'BS2ASAA' ^B' B2Sb' BSB2SAA'SA'1 S a'iSib' S B' BS B2S2AS AA' 

with iiB'B = {ki + p'b - PbY = ^aa' =- - (\p'b± + + ^i'^2' ) > 



and P and 6 given by the ffist column of eg . (^8]) . After substitution of the spinor products 
and of the Mandelstam invariants we obtain, 



B+-{ki,k2) 



k2±{q*B± + kl^f ^ kl^{qB^ + k2A_f ^ iq*B± + kl,_){qB± + k2L) 
k^^tiB'B ki±t2B'B ki±k2^_ 
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(66) 



Analogously to eg. (|5T|) , eq.(^) has no massless divergence when gluons 1 and 2 become 
collinear, since they are on opposite sides of the lego plot. In addition, it is invariant 
under the exchange of the labels 1 and 2 and the complex conjugation, and one can see 
that 

B+4h, k2) = A+.ih, k2) + Al4k2, ki) , (67) 

with yl_(__(A;i, ^2) given in eg. (|62D . Finally, for the color ordering [A, A', 1, 5, S', 2] 
(Fig. p!o|c) we take the helicity ordering (p'^, +; fci, +; — ps, — +; /c2, — ; — Pa, — ) and 



eq. (|57D with a, [3 and 5 given by the second column of eq. (|58|) . However, the additional 
terms which appear with respect to eq.(^) are subleading to the required accuracy, and 
we obtain, 

coeff. of tr (A'^A'^'A'^^A^A'''A'^^) = -coeff. of tr (A"A"'A'^iA'''A^A'^^) . (68) 



The coefficients of all the color orderings other than the ones of eq. (|59D , (|63), (|65|) 



and (|6^) are subleading, and collecting the results of eq. (|59D and ( |62[]6^) we obtain the 
amplitude for the configuration (— Pa, — ; v'ai +j ^i) +j ^2, ~]P'bj +! "Pb, —) in the form of 
eq.(|l), with C-+{-pa,p'a), C-+{-Pb,p'b)^ ^+-(^1, h) and 5+_(/ci, k2) given in eq.(E|), 



(p^) and ( |66|) respectively. In addition, for the color orderings obtained by exchanging 
gluons 1 and 2 the related coefficients undergo the complex conjugation, as shown in 
eq.(|63D and summarized by eq. (|46|) . By taking then the multi-Regge limit of eq. (^) 
with ui = U2 = + and ui = +, 1^2 = —, we obtain 

^(~P^'~'P^'+'^1'+'^2,-;Pb,+;-Pb,-) (69) 
{p'a± + ki±)k2±p'*B± r .^f ',1,1,', ^ 



which, setting p'^j_ + kij_ = —q2i_ and p'^^ = g3j_, is in agreement with eq.(p^ 
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The other configuration of interest is m(— p^i, — ; p'^, +; fci, — ; A;2, +; p^, +; — Pb, — ). 
Using again eq. (|57D and (^8l), we find that, 

coeff. of tr (A'^A'^'A^^A^^A^'A") =-Atg^ ' C^^{-pbM k^) 

\Pa±\ \Pbi.\ 

coeff. of tr (A'^A'^'A^^A^'A^A'^^) =Aig'' ' C^+{-pb,p'b) B^^h, h) , 

\Pa±\ \Pb±\ 

with y4+_(fci,/c2) and i?+_(/ci,fc2) defined in eg . (|62D and (|6^), respectively. Accordingly 
the other leading color orderings may be computed, and we obtain the amplitude for 
the configuration {—pA, —]p'aj +! ^i? ~j ^2, +',p'bj +> ~Pb, —) in the form of eg. (PD , with 
A_+{ki, k2) = Al_{ki, k2) and B_+{k^, k^) = Bl_{ki, k^). 

In this section we have explicitly considered the amplitudes in the configurations 
{—pA, — ; Pa? +; ki, ±; /c2, =F; p'b^ +! ~Pb, — )• Accordingly, we may reverse the helicities of 
the gluons produced in the forward-rapidity regions, as in eg.(^). The effect of the 
reversal is the same as in eg. ([lTl) and (O), i.e. it amounts to take the complex conjugate 
of the C-vertices in eg. (^51) . Thus each of the 16 leading helicity configurations of the 
4-gluon production amplitude in the kinematics (|43|) may be cast in the form of eg. (|4^) . 

4.3 The Fadin-Lipatov amplitudes 

The 4-gluon production amplitude, with gluons ki and /c2 produced in the central-rapidity 
region, according to the kinematics (|43|), has been computed in ref. 0, and for a generic 
helicity configuration is given by. 
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( ki^ 


^k2 V 












-^d2 j _ 



where the F-tensors are given in eq.(^), the Mandelstam invariants in eq. (|116|) (Appendix 
0), and the 2-gluon production vertex A in the central-rapidity region is'^ 



t 



p'aPb 
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p'Ipa 



^ k2 {ki + k2 
ktk2 \ 
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p\ki k2 



Pb^ 



(72) 



kt PbP'V 

ki + k2 Si2 ' ki + k2 Si2 



with 



ai 

02 

bi 

Cl 



'kt p' 



kl 



,rt - If j - - 



Pb 



Sl2 

qB+ {'■^-Tf]PB~ -tPa - T—ki 



p'b 



,Pb ^2 



2 (pB - ^k2 

2 Pa : k2 



Pa 

&2 = 2 Pa - 



Sl2 

p\k2 

S\2 



ki 



(73) 



C2 = 2 Pb — fci 

V ^12 , 



and i and g^.s defined in eg. (|6TD and (|62D. Rewriting the product of structure constants 
as a trace of nested commutators (P), eg. (|7lD becomes 



iM, 



aa' d\d2 b'b 



saa'Sbb' 



iPAKViPByj (p'aVI {p'bK\ (fcl)C (^2) 



^ Eq.([72[) is easily derived from the expression of A in ref. ^ by using the Mandelstam invariants 
|116| ) (Appendix or from the one in ref. by writing the Sudakov variables in terms of the 

\ and ai = k~/pg. 



light-cone ones, (3i = kf /p\ and Ui = /p 
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X r^-^^^ (pa, p'a,pb) r^^^'s (PB, p'b,pa) {a^,,, {h, h) 



(74) 



tr (A"A"'A"'^A°'^A^'A'' - A^A'^'A'^^A^'^A^A^' - A^A^A^^A^'A^'A"' + A'^A'^^A'^^A^A^'A"' 
+traces in reverse order] - [^^^^^(^i) ^2) + ^^2^1(^2, ^1)] 



X 



tr (A^A'^'A'^^A^'A^A'^^ - A^A^'A'^^A^'A^'A'^^) + traces in reverse order] + (1 ^ 2)} . 

Eq.([7lD, or (0), describes 16 helicity configurations, two for eacli of tlie produced gluons, 
since tlie helicity is conserved by the F-tensors in the forward-rapidity regions. The 
gluon polarizations are chosen like in eq. ( p5| ) (Appendix ^) , and the contractions of the 
F-tensors with the gluon polarizations are given by eq.(||). Eq. ([7^) becomes, 



\Pa±\ \Pb±\ 

tr (A'^A^'A'^iA'^^A^'A'' - A^A'^'A'^^A'^^A^A*' - A^A^^A^^A^'A^'A"' + A^'A^^A'^^A^A^'A"' 



-^traces in reverse order] - [^^^^^(/ci, ^2) + v4^2Mi(^2, ^i)] 

tr (A^A'^'A'^^A^'A^A^^ - A^A^'A'^^A^A^'A'^^) + traces in reverse order] + (1 ^ 2)} 



with the C-vertices defined like in eq.(^5D, 



C++iPA,p'A) = C^^{pa,p'a) = 



(76) 



C++{pb,p'b) = C^^{pb,Pb) = CI^{Pb,Pb) 

Pb± 



The choice of reference vectors is arbitrary since the amplitude (^) is gauge invariant, 
so for the gluons ki and k2 we choose the polarizations e'^{ki,pA) and e'^{k2,pB)- In the 
A- vertex (|72D it is convenient to contract first the vectors ai,6i,Ci ( [73D with the gluon 
polarization e^ki) (|96|) (Appendix and the vectors 02, 62, C2 with e^(/c2), which yields 
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the A- vertex in terms of transverse polarizations [Q, and then to use the conversion 
( |101|) between the polarizations (|95D and (|96|) . We begin with the A- vertex having 
helicities z/i = z/2 = +. Using eq.(^) (Appendix]^), and after an appropriate amount of 
algebra we obtain, 

Af,^^^{ki,k2)e^^{ki,pA)e^^{k2,PB) = A++(A;i, /ca) , (77) 

with A^+{ki, k2) defined in eq.(||). Setting j9^_l = -Qal = -qi± and p'^j_ = qB± = q2±, 
and using the contraction of the Lipatov vertex with the gluon polarizations (|^), eg. (fTZl) 
fulfills the multi-Regge limit, 

y\WlA^>^^'t^^'^P^KAk2,PB) = -2|^ (78) 

= C(gi,gi2)-e+(fci)ic(gi2,g2)-e+(fc2), 

where qu is the momentum of the gluon exchanged between ki and k2 along the multi- 
Regge ladder, and £12 = — |q'i2±P- Exchanging then gluons ki and k2 in eg. ([77|) , we 
obtain ^^^^2(^2, /ci)e+ (fc2)eX(/^i), which added to eg.(|73) gives, 

[A^^^2iku h) + A^,^,{k2, ki)]el{k,)e%{k2) = B++{k,, k2) , (79) 

with i?++(A;i, k2) defined in eg. (|5lD . Replacing eg . ([f^) and (|79D into eg . (ffSD we obtain the 
amplitude for the configuration (p^, J^a; Pa, '^ai ^15 +! ^2, +; Pb, i^b; Ps, '^s), in agreement 
with its derivation eg . , with z/i = z/2 = +, from the PT amplitudes (sect. Taking 
then the complex conjugates of eg.(^) and ([79|) and substituting them into eg. (|75D , we 
obtain the amplitude in the configuration (p^, '^a; Pa, J^a! -;p'b^^'b'^Pb,^b), in 

agreement with eg. (^i]) with ui = 1/2 = —. 
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The result of the contraction of the A-veitex with gluons ki and k2 with opposite 
hehcities is less simple. We obtain, after a bit of algebra, 

Af,^f,^{ki,k2)e~l;^{ki,pA)e~^{k2,PB) = /cg) , (80) 

with A+_{ki, k2) defined in eq.(^). As a further check of eq.(|77D and we note that 
the amplitude (|7TD must not diverge more rapidly than in the collinear regions 

0, with i = A,B, in order for the related cross section not to diverge more 
than logarithmically [^]. However for \qi±\ — * 0, the amplitude ( [7I| ) has poles due to the 
propagators saa' — — k^xP and sbb' — — Iq'bxP, which entails that the A- vertex must 
be at least linear in \qi±\, 

A^,^,{k,MK\{k,,pA)eZ{k2,VB) = (81) 
with i = A,B, which is fulfilled by eq.(^) and (|80|). 

Exchanging the labels 1 and 2 and taking the complex conjugate in eg . (|80D , we obtain 
^^1^2(^2, ki)e~_^{k2)€~l^^{ki) , which added to eq. (|80D gives, after a bit of algebra, 

[^MiM2(^i,fc2) + ^M2m(^2,A;i)]e+(A;i)e- (A;2) = 5+_(A;i,A;2), (82) 

with B^^{ki, k2) defined in eq.(^). After substituting eq. (pO|) and (^2|) into eq. (|75D we 
obtain the amplitude in the configuration {pA, i^a',p'a: ^aj ^i; +j ^2, —]p'b, ^biPb, ^b), in 
agreement with its derivation, eq.(^^ with z/i = + and z/2 = — , from the helicity ampli- 
tudes with 3 negative-helicity gluons (sect. Taking then the complex conjugates of 
eq. (|80D and (^), we obtain the amphtude in the configuration 
{pA, i^a;p'a, ^'a\ ki, -; k2, +;p'b, J^b',Pb, i^b), in agreement with eq.(^. 
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5 Conclusions 



Using the helicity formalism, we have computed the real next-to-leading corrections to 
the FKL amplitudes in the forward-rapidity region, eg . (p!7|) , and in the central-rapidity 
region, eq.(Q); and we have shown that they are equivalent to the Fadin-Lipatov ampli- 
tudes, eq.(pn) and (|7TD respectively, for the corresponding helicity configurations. 



We note that the algebra involved in deriving eq. (|T^ and (|^) is simpler starting from 
the helicity formalism than from the general expression of the Fadin-Lipatov amplitudes, 
eq. (|30D and (|7lD . This hints that even the real corrections beyond the next-to-leading 
order, which at the present time are known only formally [0, could be explicitly com- 
putedQ. 

In addition, the computation of the square of the vertices for the production of two 
gluons with likewise rapidity in the forward-rapidity or in the central-rapidity regions 



111 , which is needed to evaluate the real next-to- leading logarithmic corrections to the 
kernel of the BFKL equation, is of course simpler starting from the amplitudes at fixed 
helicities, eq.(0) and (PD, than from their general expression, eq.(pO|) and (|7T|). 



As remarked in the Introduction, in the next-to-leading corrections to the multi- 
Regge kinematics, and accordingly in the real next-to-leading logarithmic corrections to 
the kernel of the BFKL equation, also the production of a quark-antiquark pair with 



"^A formalism to compute the amplitude for the production of n + 2 gluons with a cluster of m 
gluons, with m < n + 1, in the forward-rapidity or in the central-rapidity regions, has been considered 
in ref. |p^ . We merely note here that the corresponding color structures may be easily inferred from 
eq.(|2|) or from the generalization of eq.(|4^), and the color covmting yields (m+ 1)! 2"+^-'" leading color 
configurations. 
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likewise rapidity in the forward-rapidity or in the central-rapidity regions contributes 
||T0| , [[ri| . The analysis of the corresponding amplitudes in the helicity formalism is left 
for the future. 
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A Multiparton kinematics 

We consider the production of n + 2 gluons of momentum pi, with i = 0, ...,n + 1 and 
n > 0, in the scattering between two gluons of momenta pa and pb- Using light-cone 
coordinates = Pq ±Pz, and complex transverse coordinates p± = Px + iPy, with scalar 
product 2p ■ q = p^q^ + p^q^ — p±q]_ — p*iq±, the gluon 4-momenta are, 

PA = (p1,0;0,0) , 

Pb = {0,Pb;0,0) , (83) 
Pi = {\Pi±\e^\ \Pi±\e''^';\Pi±\ cos (j)i,\pi_L\ sin , 

where to the left of the semicolon we have the + and - components, and to the right the 
transverse components, y is the gluon rapidity and is the azimuthal angle between 
the vector p± and an arbitrary vector in the transverse plane. From the momentum 
conservation, 

n+l 

= ^ Pi± , 

i=0 
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n+1 

Pa = Y.Pt ^ 

1=0 
n+l 

Pb = Y.Pi ^ 
the Mandelstam invariants may be written as, 

n+l 

S = 2PA-PB= PfPj 
i,j=0 

n+l 

SAi = -2pA ■Pi = -Yl PTpI 

j=0 

n+l 

SBi = -2pB ■Pi = -J2 PtPj 

j=0 

Sij = 2pi ■ Pj = pfpj + pTp+ - Pi^pjj 



Pi±Pj- 



Massless Dirac spinors ipiip) of fixed helicity are defined by the projection, 



with the shorthand notation, 



i^±{p) = b±), ^±(p) = (p± 



(pk) = {p - \k+) = ■ip^{p)il)+{k) 



[pk] = {p+\k-) = ilj+{p)4j_{k) 



Using the spinor representation of ref. P], we can write 



{PiPj) = Pi± 

{PAPt) = 



Pi 



\pt ""'^^P^ 



Pi 



\P^ 



Pa 
-Pi±, 
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{PiPB) = -\JPBPi ) 

{PaPb) = - , 

where we have used the mass-shell condition \pi±\'^ = pfpi ■ We consider also the spinor 
products {pi + I7 ■ Pk\Pj+)i which in the spinor representation of ref. 0] take the form, 



{Pi + \l-Pk\Pj+) 
{Pi + \'l-Pj\PA+) 



PiPj 



PlPjPk - PtPj±Pl± - Pi±PjPkL + Pi±PjLPt 



Pa ( + - * 

\ -+ [fiPj - P^1_P,. 
\ Pi 



(89) 



(Pi + I7 ■ Pj \Pb^) = \-T {-Ptp*j± + Pi±Pj 

\ Pi 

The spinor products fulfill the identities, 

(pk) = -{kp) 

{pk)* = [kp] 

{{P^+\1>J + )T = {PJ + b>^ + ) 

{pk) [kp] = 2p - k = \spk\ . 



(90) 
(91) 
(92) 



Throughout the paper the following representation for the gluon polarization is used 
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_ {p±b,\k±) 
'V2{kT\p±) 



(93) 



which enjoys the properties 



^T{P,k) = e^{p,k) 



^1, (P, k)-p = e^{p,k)-k = 0. 



(94) 



Y^e';ip,k)e;*ip,k) = -g,,+ 



u=± 



Pfikp + Ppkfj, 
p ■ k 
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where k is an arbitrary light-like momentum. The sum in eq.(p^ is equivalent to use an 
axial, or physical, gauge. We use the explicit representation of the gluon polarizations 
obtained in ref. 0, 

+ r ^ Pi± ( ^Vi^ n ^ M 

Pi± V Pi v2 V2/ 



4iPB,PA) = -(^0,0;-^,-^j, (95) 

e^PA^PB) = (o'O^;^'-;^) ' 

in light-cone coordinates, and introduce the left and right physical gauges 0], defined 
respectively by the conditions e^^p) ■ Pa = ^ and eR^p) ■ = 0. Accordingly, the 
decomposition of a polarization vector in light-cone or Sudakov components is, 

4{P) = ^'l^-^p'a, (96) 
P ■ Pa 

^rVP) = Pb- 

P ■ Pb 

The polarizations e1{p), e^^{p) for a momentum p not in the beam direction are related 
by a gauge tranformation, 

4(p) = e^(p) + 2^|^P^ (97) 
which for the transverse components e^_|_, e^_|_ may be written as, 

endp) = -^-^^IAp) ■ (98) 
P± 

We impose then the following standard polarizations, 
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ef±{PB) = 6S(pa)= (^0,0;i=,±-^^ . (100) 

We determine e1{p) using eq.(^) in the definition (|96D , then we find e^(p) using the 
gauge transformations ( p7D and ( pBD on e^{p). Finally, eKps) and ^%^{pa) are given by 
eq.( |100| ) and the definitions (PUf). Comparing the results with eq.(^), we obtain the 
following conversion table among the representations (|93D and (P^) of the polarizations 



Pil. 

4(p^,pb) = -^4.fe) (101) 

Pi± 

^tiPB^PA) = -4^{Pb), 

4^Pa.Pb) = 4/.(Pa). 

B Multi-Regge kinematics 

In the multi-Regge kinematics, we require that the gluons are strongly ordered in rapidity 
and have comparable transverse momentum 

l/o>2/i>->l/n+i; \Pi±\^\p±\. (102) 
Momentum conservation (|8^ ) then becomes 

n+l 

= ^m, 

i=0 

p\ ^ Pt. (103) 

Pb — Pn+l ■ 

The Mandelstam invariants (|85D are reduced to, 

s = 2pA-PB^ PoPn+i 
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SAi 
SBi 



-2pA ■ Pi ^ -PoPi 

-2pB ■ Pi ~ -pfPn+l 



2pi-pj ~ \pi±\\pjL\e 



Vi-Vjl 



to leading accuracy. The spinor products ( pBD become, 



{PiPj) 

{PAPi) 

{PiPs) 
{PaPb) 



Pi 



Po 



Pi Pn+l ! 



PoPn+1 



(104) 



(105) 



C Next-to-leading corrections in the forward-rapidity 
region 

We consider the production of 3 gluons of momenta ki, k2 and p' in the scattering 
between two gluons of momenta ko and p, with gluon 4- momenta as given by eg . (|83|) , 
with ko = Pa and p = ps- Gluons ki and are produced in the forward-rapidity region 
of gluon ko with likewise rapidity, and are separated by a large rapidity interval from p'. 
In addition, the produced gluons have comparable transverse momenta ([TBI) , 

?/i~?/2>Z/'; \ki±\ ^ \k2±\ ^ \p'^\ . (106) 
Momentum conservation (j8^) then yields, 

= ki± + k2± + p'± , 
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~ P'~ , 

and accordingly the Mandelstam invariants (|85D may be written as, 



s = 2ko-p ^ {kf + k+)p'- , 

u = -2ko ■ p' ~ -{kf + k^)p'^ , 

iii = -2p ■ ki ~ -kfp'^ , 

ti = 2fco ■ ki — (A;^ + k2^^ki , 

t = -2p-p' ~ 

Si2 = 2ki ■ k2 = kfk2 + k^k2 — ^1x^2^ ~ ^i±^2± , 



to leading accuracy, with i = 1,2. The spinor products ( p8| ) become 





[P^ , kf 



{kik2) 



K,2 fi-i 
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with i = 1,2. From eq.(^), the gluon polarization vectors are 

1 i \ 



' 1 i\ 



(110) 



with Pi = ki, k2,p'. 



We straightforwardly extend the kinematics ([T6|) to the production of n + 2 gluons 
of momenta ki, and Pi, with z = l,...,n, in the scattering between two gluons of 
momenta ko and p, with gluons ki and /c2 in the forward-rapidity region of gluon /cq, 



with 1 = ^, ...,n. Momentum conservation ( |1U7| ) simply generalizes to, 

n 

= A;i_L + A;2± + 5IPi-L 5 



;iii) 



ftp — 



^1 ~^ ^2 1 
Pn- 



(112) 



In the spinor products ( p.09| ) we must replace the label p' with p„, and consider the 
additional spinor products 



(koPi) 
{PiP) 



-VP Pi ^ -yptPn . 



(113) 
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with i = 1, ...,n — 1 and j = 1, 2. 



D Next-to-leading corrections in the central-rapidity 
region 

We consider the production of 4 gluons of momenta p^, ki, ^2 and p'^ in the scattering 
between two gluons of momenta pa and ps- We require that gluons ki and /c2 have 
likewise rapidity and are produced far away from the forward-rapidity regions, with all 
the gluons having comparable transverse momenta, 

v'a '> yi - y2 '> v'b ^ \k2±\ ^ \p'a±\ ^ \p'b±\ ■ (114) 
The momentum conservation has the same form as in the multi-Regge kinematics ( |103| ) 

= p'ai. + ^i-L + hi. + p'b± 
P\ ^ P'\ (115) 
Pb - p'b- 

To leading accuracy, and except for Si2, the Mandelstam invariants are the same as in 
the multi-Regge kinematics (|1U4|), 



s = 2pA-pB^ p'aP'b 
saa' = -'^PA ■ Pa - -\p'a±\'^ 
SAi = -2pA-ki^ -p'aK 
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SAB' 


= -2pA- 


p'b - -p'aP'b 


SbA' 


= -2pB- 


p'a - -p'aP'b 


^Bi 


= -2pB- 


Atj _ r^i P B 


SbB' 


= -2pB- 


p'b - -b'ij±r 


SA'i 


= 2p^-k 


i - p'aK 


SB'i 


= 2p's-k 


i - Kp'b 


SA'B' 


= 2p'^ ■ p'j^ ^ p'^p' s 


Sl2 


= 2ki ■ k 


1 — /c-j^ ~\~ k-^ ^i_L^2_L k-^j^k 



(116) 



however, anytime a difference of invariants is taken such that the leading terms cancel, the 
invariants ( |116| ) must be determined to next-to-leading accuracy. The spinor products 
(BSl) become, 



{PaPb) 
(Pap'b) 

(PAk) 

ihPB) 

{hPs) 
(Pap'a) 
(p'bPb) 

{kik2) 



(p'aPb) ^ -\/ P'aP'b 
{p'aP'b) - 



\ P B 



{PA^t) = 

-\IHp' 



P A 



\ kt 



k^ 



k/. 



\ p 



-p'a± 



-\p'b^ 
kii_ 



-Pb± 

B 



-k 



2±^ 



;ii7) 
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